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Abstract

A numerical study of the heat transfer characteristics and turbulent structure is carried out in a three!dimensional
turbulent boundary layer with longitudinal vortices[ Longitudinal vortices are capable of strongly perturbing the
turbulent and thermal boundary layer\ which cause the anisotropy of turbulent intensities and augmentation of the heat
transfer[ This study uses a second!moment closure such as the Reynolds Stress Model "RSM# to capture the anisotropy
of the turbulent structure e}ectively and the eddy!di}usivity model for predicting the thermal boundary layer[ It can be
concluded for turbulent ~ow that the RSM can produce the more accurate predictions for capturing the anisotropy
than the standard kÐo model[ Also\ the results of heat transfer show that disturbing of the boundary layer causes the
highest level of Stanton number in the region which the ~ows are directed toward the wall\ but the vortices core is a
region of relatively lower mixing[ The eddy!di}usivity model for prediction of the thermal boundary layer can produce
reasonably good agreement with the experimental data qualitatively[ However\ for more accurate prediction\ it may be
thought that the more elaborate model\ such as the second!moment closure\ for the turbulent!scalar!transport terms are
required[ Þ 0887 Elsevier Science Ltd[ All rights reserved[

Nomenclature

B channel height
Cf skin friction coe.cient "� 1tw:rU1

�#
cm\ c0\ c1 empirical constant
cw0\ cw1 empirical constant
co0\ co1 empirical constant
cP speci_c heat at constant pressure
dij di}usion tensor
k turbulent kinetic energy
l mixing length
n normal distance from the surface
P static pressure
Pfn Pee function
Pr Prandtl number
Prt turbulent Prandtl number
Pij production tensor
q¾ýapp apparent heat ~ux
q¾ýw wall heat ~ux ðW m−1Ł

� Corresponding author

ReB:1 Reynolds number based on B:1 "� rUeB:"1m##
Sij mean strain tensor
St local Stanton number
T temperature ð>CŁ
T? ~uctuating temperature
Ui time!mean velocity tensor "U\ V\ W in x!\ y! and z!
directions#
u?iu?j Reynolds stress tensor
u?\ v?\ w? axial\ vertical\ spanwise components of ~uc!
tuating velocity
W channel width[

Greek symbols
al\ at thermal di}usivity and thermal eddy di}usivity
respectively
o dissipation rate of turbulent kinetic energy
oij dissipation tensor
fij pressureÐstrain correlation tensor
fij\0 pressureÐstrain correlation tensor "slow term#
fij\1 pressureÐstrain correlation tensor "rapid term#
fij\w pressureÐstrain correlation tensor "wall!correction
term#
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x von!Karmann constant
m\ mt laminar and eddy viscosity
r density of the ~uid
sk\ so empirical constant
tx\w\ tz\w x!component and z!component of wall shear
stress[

Subscripts
e free!stream region
i\ j\ k tensor index
l\ m\ n tensor index
p _rst nodal point adjacent to the wall
w wall[

0[ Introduction

Longitudinal vortices have been used to manage sep!
aration on aircraft and to control the heat transfer in
turbomachinery[ For example\ in the cases of a plat!_n
cross!~ow heat exchanger\ longitudinal vortices which
are induced by each winglet!pair cause the swirling of the
~ow around the axis parallel to the streamwise direction\
and increase the mixing between the external stream and
the hot wall\ resulting in the high level of heat transfer[ In
turbomachinery\ longitudinal vortices collect and sweep
away the protective boundary layer allowing high rates
of heat transfer between the hot stream and the surface\
damaging the underlying structure[ Therefore\ a better
understanding of the characteristics of heat transfer in a
three!dimensional turbulent boundary layer\ with longi!
tudinal vortices\ is very important in engineering design[

Pearcy ð0Ł developed the design rules to determine the
optimum con_guration of vortex generators to prevent
boundary layer separation[ Systematic studies of the ~ow
_eld have been carried out by Shabaka et al[ ð1Ł and
Mehta et al[ ð2Ł[ They investigated the three main cases
such as single imbedded vortex\ imbedded pair vortex
with common ~ow up and down and found large changes
occurring in all the dimensionless structural parameters
of turbulent ~ows and heat transfer[ Also\ they showed
that the structure of heat transfer and turbulent ~ow
with an imbedded vortex pair exhibited a more complex
picture than that with a single vortex[ Westphal et al[
ð3Ł found that the vortex core was observed to have an
elliptical shape for downstream due to the presence of
the wall[ Eibeck et al[ ð4Ł have conducted experiments on
longitudinal vortices imbedded in a turbulent boundary
layer and they concluded that longitudinal vortices are
found to in~uence heat transfer behavior signi_cantly[

With recent advances in computers\ the second!
moment closure such as a Reynolds Stress Model "RSM#
has been widely used in complex ~ows[ While the stan!
dard kÐo model provides excellent predictions for many
~ows of engineering interest\ this model cannot predict
e}ectively the anisotropy of turbulent normal stresses in

the outer layer with a signi_cant secondary ~ow because
it is based on the Boussinesq eddy!viscosity approxi!
mation ð5Ł[ However\ the feature that\ in the second!
moment closure\ the additional generation terms induced
by the secondary ~ow can be handled exactly should be
one of the most attractive advantages when predicting
complex ~ows[

Deb et al[ ð6Ł performed the computation of heat trans!
fer and ~ow structure in a rectangular channel with longi!
tudinal vortices using the standard kÐo model[ They con!
cluded that the discrepancies in the distorted region were
due to the turbulent model itself and wall!function
approach[ However\ in their work\ they did not compare
appropriately the results of heat transfer with exper!
imental data[

Hence\ in the present study\ we use the RSM beyond
the Boussinesq approximation and compare results of
the RSM with experimental data and results of the stan!
dard kÐo model[ Wroblewski and Eibeck ð7Ł have con!
ducted the experimental measurement for the turbulent
heat transport in the boundary layer with a single vortex[
Their results have shown that the heat ~ux vector and
temperature gradient vector align with each other\ indi!
cating that the gradient!di}usion model based on the
isotropic eddy di}usivity would be suitable for the class
of this ~ow[ Hence\ in the present calculation\ we adopt
the simple form of the energy equation which is based on
the isotropic eddy!di}usivity model[

The main objectives of this paper are to understand
the fundamental mechanism of the turbulent boundary
layers with embedded longitudinal vortices and predict
the heat transfer characteristics[ Also\ another purpose
is to compare the present results computed by the RSM
with the experimental data performed by Pauley and
Eaton ð8Ł and the results computed by the standard kÐo

model ð09Ł[ It can be stated that the RSM can produce a
more accurate prediction for capturing the anisotropy
than the standard kÐo model[ For the thermal boundary
layer\ the results obtained by the RSM using the eddy!
di}usivity model are in slightly better agreement with the
experimental data than those by the standard kÐo model
using the eddy!di}usivity model[ Also\ the more elab!
orate model for the turbulent!scalar!transport term may
be required in order to produce a more accurate pre!
diction of the thermal structure[

1[ Governing equations

The time averaged continuity\ NavierÐStokes equa!
tions and Reynolds stresses transport equations for ste!
ady and incompressible ~ow are written as follows[
Essentially this is based on the model of Gibson and
Launder ð00Ł\ which incorporates ideas from Rotta ð01Ł
and Naot et al[ ð02Ł[ This version of the model is valid
only at su.ciently high Reynolds number[
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Energy dissipation equation
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For temperature _eld\ the energy equation can be written
as
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where\ at and q¾ýapp are the thermal eddy di}usivity and
the apparent heat ~ux respectively[

The empirical coe.cients appearing in the above equa!
tions are summarized in Table 0[

2[ Numerical approach and boundary conditions

The governing equations without boundary layer sim!
pli_cations are solved by a _nite volume method on a

Table 0
Turbulence model constants

cm c0 c1 cw0 cw1 co0 co1 sk so

9[98 0[7 9[5 9[4 9[2 0[33 0[81 0[9 0[2

staggered grid system\ with scalar quantities being stored
at the center of the scalar control volume and all other
quantities stored at the cell faces as shown in Fig[ 0[ In
order to provide the pressure _eld\ the SIMPLE scheme
is adopted in the present solution procedure[

2[0[ Inlet conditions

The inlet boundary conditions for velocity and tem!
perature can be speci_ed using the pro_les extracted from
the experiment ð8Ł[ However\ for turbulent stresses\ the
experimental data are so de_cient that we cannot directly
use the pro_les of turbulent stresses from experimental
data[ Hence\ the turbulent stresses and dissipation are
calculated from velocities in the inlet region[ As shown
in Fig[ 1"a#\ the south\ top and bottom faces are treated as
the wall except for the north face which is the symmetric
condition[ For the wall boundary\ a possible approach
to resolve the region y¦ ³ 49 is to use a low!Reynolds!
number model\ but this approach is too costly in general
2D ~ows[ The alternative is to adopt the wall!function
approach[ In the present calculation\ the wall functions
are used to bridge the near wall region as follows[

tx\w �
c0:3

m kPxUP

ln"Ey¦#
\ tz\w �

c0:3
m kPxWP

ln"Ey¦#
"02#

where y¦
P is rede_ned as

y¦
P �

rc0:3
m k0:1

P yP

m
\ "03#

x � 9[31 which is known as von Karmann constant[ The
subscript p refers to the _rst nodal point adjacent to the
wall[ In fact\ the steep gradients of both mean!~ow and
turbulence quantities also necessitate modi_cation to the
turbulence transport equations[ The present approach is
based on the two!layers methodology\ details of which
may be found in Launder ð03Ł[

At the wall\ in order to apply the wall function for
temperature\ the heat ~ux at the wall can be expressed as

q¾ýapp �
rc0:3

m k0:1
p cp"Tw−TP#

T¦
P

"04#

where T¦
P may be written as

T¦
P � Prt ðU¦

P ¦PfnŁ[ "05#

It may be mentioned that Pfn in equation "13# is the
Pee function which may be written as ð04Ł
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Fig[ 0[ Staggered velocity:stress arrangement] "a# xÐy cross section^ "b# yÐz cross section^ "c# xÐz cross section[
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Fig[ 1[ "a# Cross!section of the computational domain^ "b# schematic of the experimental facility of Pauley and Eaton ð8Ł[
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Pfn � 8[13$0
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−0% = $0¦9[17

= exp0−9[996 = 0
Pr
Prt11%[ "06#

3[ Numerical results and discussions

The experimental facility of Pauley and Eaton ð8Ł is
shown in Fig[ 1"b#[ They have conducted measurements
at four cross sections\ namely\ x � 55\ 86\ 031 and 077
cm[ As seen in this _gure\ the turbulent boundary layer
is a}ected by longitudinal pair vortices which are gen!
erated by delta wings\ and heated by the constant heat
~ux surface from the position at x � 65 cm[ This facility
has 199 cm long test section with a 02×50 cm cross
section and is operated at a normal free!steam velocity
of 05 m s−0[ Also\ Reynolds number based on the half
height of the channel\ ReB:1\ is adopted as 56 999 from
the experimental data[ In this calculation\ Prandtl num!
ber and turbulent Prandtl number are used as 9[6 and 9[8
respectively[ In the real experimental situation\ thermal
boundary layer begins at x � 65 cm downstream[ But\ in
the present study\ the cross!section at x � 86 cm is selec!
ted as the inlet plane because there is no obvious infor!
mation for the initial conditions at x � 65 cm down!
stream[ In this study\ the measured data in ref[ ð8Ł for
velocity\ turbulent normal stresses and temperature at
x � 86 cm are used as inlet pro_les for the computational
domain by interpolation[ The constant heat ~ux at the
wall and the temperature di}erence between the wall and
freestream are the same as the experimental conditions[
That is\ the constant wall heat ~ux and temperature
di}erence\ namely\ q¾ýw and DT are taken as 706 W m−1

and 19>C respectively in the present calculation[ Com!
parisons of the predictions given by the RSM and the
standard kÐo model with experimental data are
accomplished at x � 031 and x � 077 cm downstream[
In the case of the RSM\ the computing time for con!
vergence is about 3 h using the CRAY!YMP computer[
All the results of the standard kÐo model for the present
comparison are taken from the previous study conducted
by Jeong and Ryou ð09Ł[

Figure 2 shows the grid system "24×24×47] X\ Y and
Z# with concentration of grid points in the south wall
region[ However\ as shown in this _gure\ a coarse mesh!
size in the top and bottom wall is used to reduce the side!
wall e}ect possibly[

3[0[ Mean and turbulent structure

Contours of the streamwise velocity calculated by the
RSM are compared with experimental data at two di}er!
ent planes shown in Fig[ 3[ It can be indicated that the

strong distortion of the boundary layer caused by the
vortices[ At each axial station the outermost edge illus!
trates the undisturbed boundary layer[ The boundary
layer is thickened markedly in the upwash region where
the vortex sweeps low momentum ~uid away from the
wall[ In the downwash region the boundary layer is
thinned by the strong down~ow and lateral out~ow of
boundary layer ~uid[ As shown in this _gure\ reasonably
good agreement is seen between the experimental data
and the calculated results[ But\ at x � 077 cm down!
stream\ it is seen that the RSM overpredicts the di}usion
of vortical ~ows[

Figure 4 which presents the comparison of the sec!
ondary velocity vectors given by the RSM with exper!
imental data indicates the process of vortex motion as
follows] if a vortex su}ers the perturbation which causes
the static pressure on the axis to rise\ the axial velocity
near the vortex axis will decrease\ hence there will be a
radial out~ow to satisfy the continuity equation\ and the
vortex diameter will thus increase slightly\ approximately
conserving angular momentum\ so that the angular vel!
ocity at the given radius decreases[ The process continues
until the vortex is stable with a new and large diameter\
the same circulation\ and thus a lower angular velocity
or vorticity[ However\ at x � 077 cm downstream\ it is
observed that the secondary velocities computed by the
RSM have more di}used shape than those obtained from
the experiment[

The skin friction coe.cients calculated by using the
RSM and the standard kÐo model are compared with the
experimental data at x � 031 and 077 cm downstream as
shown in Fig[ 5[ In a whole region\ cf predicted by the
RSM are underpredicted by maximum error of 6) as
compared with the experimental data[ In the upwash and
downwash region\ the RSM shows the better per!
formance to predict the skin friction coe.cient than the
standard kÐo model[ However\ in the vortex core region
at x � 077 cm\ the calculated values of the standard kÐo

model are rather slightly closer to the experimental data
than those predicted by using the RSM[ This may be
because the RSM produces inaccurate prediction of the
vortex di}usion in the vortex core region[ Nevertheless\
the remarkable di}erences between both models are not
observed[

Figures 6Ð8 show the comparisons of the turbulent
normal stresses computed by using both models with the
experimental data in the downwash region "z � 5 cm#\
vortex core region "z � 7[9 cm# and upwash region
"z � 09[9 cm# at x � 077 cm downstream[ As expected\
it can be seen that the RSM can capture an anisotropy
of turbulence e}ectively\ but the standard kÐo model fails
to predict an anisotropy in these regions because the
standard kÐo model is intrinsically based on the isotropic
concept[ In particular\ from the turbulent normal stress
pro_les in the downwash and upwash region\ we can see
that in the vicinity of wall\ the RSM produces the more
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Fig[ 2[ Grid generation "24×24×47] X\ Y and Z#[

accurate prediction than the standard kÐo model[ On
the other hand\ in the vortex core region\ in the results
predicted by the RSM severely deviate from the exper!
imental data in the outer layer and vortex center[ These
results may be because the RSM yields too strong ani!
sotropy[ That is\ even in the isotropic region\ it may be
thought that the RSM compels the turbulent normal
stresses to be anisotropic[ This is due to shortcomings of
the RSM itself[ On the whole\ a high level of turbulent
normal stresses are observed in the vicinity of the wall\
but a reduced level of turbulent kinetic energy found in
the vortex center and in the tongue of ~uid extending
from the wall in the upwash region[ This accompanies
the di}usion of the velocity which is presented in the
vortex core at the upstream[ In addition\ the energy level
in the upwash region is reduced[ The likely explanation
is that because the secondary ~ow is much weaker than
that of the upstream location\ so it is less able to convect
the high energy ~uid from near the wall outward before
the turbulent energy can be di}used in the tongue of ~uid
in the upstream region[

3[1[ Thermal boundary layer structure

The main focus of this study is to compare the results
calculated by the RSM and the standard kÐo model using
the identical eddy!di}usivity model for the thermal
boundary layer[ That is\ it is a matter of primary concern
to show how the e}ective prediction for turbulent ~ows
a}ects the thermal boundary layer[

The notation of the RSM shown in the following _g!

ures represents the case of the RSM for the turbulent
calculation using the eddy!di}usivity model for the ther!
mal boundary layer[ Figure 09 shows the comparisons
of the normalized temperature pro_le for the selected
spanwise locations at x � 077 cm downstream[ These
locations represent the regions between vortices "z � 9[9
cm#\ downwash region "z � 5[9 cm#\ vortex core "z � 7[9
cm# and upwash region "z � 09[9 cm# respectively as
shown in Fig[ 2[ The thermal boundary layer is thinned
between the vortices and thickened in the upwash region
where the secondary ~ow is directed away from the wall[
The calculated results are in good agreement with the
experimental data[ However\ this _gure shows that the
temperature pro_les in the region of vortex core "z � 7[9
cm# slightly deviate from the experimental data[ This
discrepancy may be due to the immoderate over!
prediction of the vortex di}usion in the core region[ How!
ever\ as indicated in the analysis of the previous section\
the results of the RSM showed better agreement with
experimental data than those of the standard kÐo model
in the downwash and upwash regions[ In particular\ in
the upwash region\ the RSM is very good[ However\ in
the center of vortex\ we can observe that the temperature
pro_les computed by the RSM severely deviate from the
experimental data except near the wall[ Probably\ this
discrepancy results from the inaccurate prediction of tur!
bulent ~ows in the core region[

On the whole\ it is interesting that the results computed
by RSM are closer to experimental data near the wall
than the remote region away from the wall[ The likely
explanation is that the RSM can capture the anisotropy
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Fig[ 3[ Comparisons of the streamwise velocity] "a# RSM at x � 031 cm downstream^ "b# RSM at x � 077 cm downstream^ "c#
experiment at x � 031 cm downstream^ "d# experiment at x � 077 cm downstream[
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Fig[ 4[ Comparisons of the secondary velocity vectors] "a# RSM at x � 031 cm downstream^ "b# RSM at x � 077 cm downstream^ "c#
experiment at x � 031 cm downstream^ "d# experiment at x � 077 cm downstream[
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Fig[ 5[ Comparisons of skin friction coe.cient at x � 031 and 077 cm] "a# x � 031 cm^ "b# x � 077 cm[

of the turbulent normal stresses because there is a strong
anisotropy of turbulent structure in the vicinity of the
wall[ Therefore\ we can see from these results that the
accurate prediction of turbulent ~ows is very important
for prediction of temperature _elds[

Figure 00 indicates that the local Stanton number
obtained by both models at x � 031 and x � 077 cm are
compared with the experimental data[ It is noted from
these _gures that the heat transfer in the undisturbed
region is less enhanced than the region which is a}ected

by secondary ~ow[ And it can be noted that the vortex
core is a region of relatively lower mixing than the down!
wash region[ Also\ the peak value calculated by using the
RSM is found in the downwash region[ It is seen that
this peak value in the downwash region is greater than the
minimum Stanton number found in the upwash region by
about 25[8)[ In a whole region\ the results calculated by
the RSM produce slightly better prediction than those
given by the standard kÐo model although there are con!
siderable di}erences compared to experimental data for
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Fig[ 6[ Comparisons of Reynolds normal stresses in the down! Fig[ 7[ Comparisons of Reynolds normal stresses in the vortex
wash region at x � 077 cm[ core region at x � 077 cm[
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Fig[ 8[ Comparisons of Reynolds normal stresses in the upwash
region at x � 077 cm[

Fig[ 09[ Comparisons of normalized temperature pro_les at
x � 077 cm] "a# between vortices "z � 9[9 cm#^ "b# downwash
region "z � 5[9 cm#^ "c# vortex core region "z � 7[9 cm#^ "d#
upwash region "z � 09[9 cm#[

both models due to the eddy!di}usivity model[ Hence\ it
may be thought that a more elaborate model for tur!
bulent!scalar!transport terms such as the second!
moment!closure model is needed to produce better pre!
diction for the thermal boundary layer[

4[ Conclusions

We can conclude that the RSM can produce more
accurate predictions to capture anisotropy of the tur!
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Fig[ 09[ Continued[

bulent intensities than the standard kÐo model[ Also\ it
can be seen that except in the vortex core region\ the
RSM gives better predictions of the turbulent normal
stresses and temperature distributions in the vicinity of
the wall than the standard kÐo model[ However\ the
strong anisotropy tendency is shown at the core region[
This may be due to the inappropriate modeling of the
pressure!strain correlation term[

For the thermal boundary layer\ the results of this
study indicate that the disturbance of the boundary layer
causes the highest level of Stanton number in the region
where the ~ows are directed toward the wall\ but the
vortex core is the region of relatively lower mixing[ On
the whole\ the present results obtained by the RSM using

Fig[ 00[ Comparisons of local Stanton number at 031 and 077
cm] "a# x � 031 cm^ "b# x � 077 cm[

the eddy!di}usivity model are in slightly better agreement
with the experimental data than those by the standard kÐ
o model[ However\ the considerable di}erences cannot be
found for both models due to the identical eddy!di}u!
sivity model for thermal boundary layer[ This indicates
that more elaborate consideration for the turbulent!
scalar!transport model may be needed in order to pro!
duce better prediction for the thermal boundary layer[
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